We study a rate-type viscoelastic system proposed in I. Suliciu Int. J. Engng. Ž . . Sci. 28 1990 , 827᎐841 , which is a 3 = 3 hyperbolic system with relaxation. As the relaxation time tends to zero, this system converges to the well-known p-system formally. In the case that the solutions of the p-system are piecewise smooth, including finitely many noninteracting shock waves, we show that there exist smooth solutions for Suliciu's model which converge to those of the p-system strongly as the relaxation time goes to zero. The method used here is the so-called Ž matched asymptotic analysis suggested in J. Goodman and Z. P. Xin Arch. Ration. Ž . . Mech. Anal. 121 1992 , 235᎐265 , which includes two parts: the matched asymptotic expansion and stability analysis.
INTRODUCTION
We are interested in the asymptotic behavior of the rate-type viscoelastic system¨y u s 0, 
Ž .
u q p¨s 0.
Ž . x t R
Ž . Ž . Since the system 1.2 can be obtained from 1.1 by an expansion proce-Ž . dure as the leading order, it is natural to expect that 1.2 governs the Ž . evolution of the solutions to 1.1 as ª 0. For smooth flow, this statement can be easily verified by Hilbert expansion and a standard energy estimate argument. However, when discontinuities occur in the solutions Ž . of 1.2 , the analysis is much more complicated and more difficulties appear. w x w x Motivated by 1 and 10 , we use the method of matched asymptotic w x analysis introduced in 1 to overcome the difficulties, i.e., constructing approximate solutions by matched asymptotic expansion and then estimat-Ž . ing the error bounds. We show that the piecewise smooth solutions of 1.2 with finitely many noninteracting shocks satisfying the entropy conditions and subcharacteristic condition are strong limits as ª 0 of solutions of Ž . 1.1 . For simplicity of presentation, we only discuss the case in which the Ž . solution of 1.2 is a distribution solution smooth up to a single shock.
We make the following assumptions:
where H is the so-called subcharacteristic condition see 6 . 
Ž .
Ž . ii There is a smooth curve, the shock, x s s t , 0 F t F T, so that Ž Ž . Ž ..
Ž . x, t , u x, t is sufficiently smooth at any point x / s t . The left and . f s f s t q 0, t . 
Ž . iv The Lax-entropy condition
where C and C are positi¨e constants independent of . 
Ž .

REMARKS. i The advantages of the matched asymptotic analysis
Ž . method are that the structure of the solution¨, u , p in Theorem 1 will be clear, since it is a perturbation of a formal solution which will be constructed explicitly.
Ž .
Ž . ii The solutions¨, u , p have carefully chosen initial data which are essentially those of the Hilbert expansion and the shock-layer expansion.
Ž . iii In particular, we have that, away from the shock,¨, u , p Ž . Ž . approximates¨, u , p at an optimal rate in , i.e., 1.10 . 0 0 0 Ž . iv The same results hold for finite noninteracting shocks solutions Ž . of 1.2 ; this is clear from our analysis.
v The technique used here can be extended to deal with the w x general relaxation systems proposed by 5 .
Ž w x. Ž . It is known see 1 that if we can construct a formal solution for 1.1 Ž . by matching the truncated Hilbert expansion outer expansion and shock-Ž . Ž . layer expansion inner expansion , then the existence of solutions to 1.1 Ž . and its convergence to the solutions of 1.2 can be reduced to the stability analysis for the approximate solution. Since the dissipation of relaxation is much weaker than viscosity, the limit here is more singular than those in w x 1 , and we need to use the higher-order corrections to weaken the Ž . Ž . nonlinearity in the error equations between 1.1 and 1.2 . Comparing w x with 10 , where the smooth steady shock profile can be constructed explicitly, we only have an abstract result for the existence of shock Ž . profiles for 1.1 . Due to the fact that the leading order, the time-dependent shock profile, has exactly the shape of a steady shock profile with parameters varying with time, this becomes crucial. However, we can get Ž . enough information on shock profiles of 1.1 , and then a modified energy w x w x estimate method as used in 2 and 4 gives the result.
Ž . For the stability analysis for the elementary waves of 1.1 , we refer to w x 2᎐4, 7 .
In the next section, we construct the approximate solutions by use of the matched asymptotic expansion method. The existence and asymptotic Ž . behavior of the solutions to 1.1 are proved in Section 3.
CONSTRUCTION OF APPROXIMATE SOLUTION
Ž .
In this section we will construct an approximate solution for 1.1 by using the method of matched asymptotic expansions. The outer solutions come from the Hilbert expansion and the inner solutions are found by shock-layer expansion. By matching the outer and inner solutions on an appropriate ''matching zone,'' we will obtain the various outer and inner Ž . functions and form a formal approximate solution for 1. Ž . Ž .
This process can be continued to find higher-order outer functions Ž . Ž . x, t , i G 3. may be discontinuous at x s s t but are expected to be i i Ž . smooth away from the shock uniformly up to x s s t .
Inner Expansion and Matching Conditions
Ž .
Near the shock, the solution of 2.1 will be represented by a shock-layer expansion of the form 
etc., with
Ž . The inner expansion is assumed to be true in a zone of size O around Ž . x s s t .
The outer expansion and the inner expansion are expected to be valid in < < < Ž .< the ''matching zone,'' in which ª ϱ and x y s t is small. Therefore, they must agree there. We can express the outer solutions in terms of and use Taylor's series to find the following ''matching conditions'' as ª .ϱ,
18 ᎐ 2.20 require that inner functions have algebraic growth rates at both infinities.
Constructions of the Outer and Inner Functions
We construct the outer and inner functions order by order. Simultane-Ž . ously, the matching conditions will be satisfied, and ␦ t, will be determined.
Ž . The leading order of outer functions, x, t , is the single-shock solu- . V , U , P which is unique up to a shift in and satisfies V ) 0, and
where C , i s 1, 2, is a positi¨e constant. Furthermore, as ª yϱ, it holds i that, for some positi¨e constants C , C , and C ,
Ž .
Similar results hold as ª qϱ if we substitute¨r for¨l and make some 0 0 re¨isions.
Ž .
Ž . We now turn to the first-order functions x, t and X , t . , X , and ␦ will be determined at the same time.
over 0, , we have
Ž . where c t and c t are integration constants to be determined. Equa- 1 2 Ž . Ž . tions 2.16 and 2.21 give
where
Ž . and then X can be determined provided that c t , c t , and ␦ t can be 1 1 2 0 determined, since we have
Ž . Proof. We need to check that, for ª .ϱ, it holds that
2.25
We only check the case for ª qϱ, since the case for ª yϱ is similar. Ž . From 2.16 , we see thatṖ Ž . 
which, with Lemma 2.1 and the subcharacteristic condition, imply that
By Lemma 2.1, we see that
Then we can get the asymptotic behavior of V , t and U , t as 1 1 follows, Ž . Ž . 
Ž . This is now routine by the standard theory. The system 2.9 y u s 0, we can diagonalize the system to obtain 0 n n
By the characteristic method, with the help of the entropy condition, we see that z l , z r , and n r will be determined by integrating along appropriate Ý HH
Ž . ii X , t is smooth and, for some ␣ ) 0, we ha¨e
It is easy to see that the above procedure can be carried out to any Ž . Ž . order. Especially, we can construct x, t , X , t , and ␦ such that 
Approximate Solutions
Ž . Now we construct a smooth approximate solution to 1.1 by patching the inner and outer solutions discussed. Ž .
x, t is a higher-order correction to be deter- 1 2 3 mined. We use the following notations:
Using the structure of the various orders of inner and outer solutions, we have¨
y p¨q p¨¨q p¨¨q p¨¨,
By Taylor's expansion, we have
Ž . Ž . 1 2 Due to the construction, we see that
Ž . which can be obtained from the matching conditions 2.18 ᎐ 2.20 .
t . In view of the facts 
satisfies, for integers
Thus, we can estimate ⌬ by use of the mean value theorem to get
We conclude that Ž . Ž . THEOREM 2.5. Let S x, t be the smooth function defined in 2.56 with Ž .
d x, t determined in 2.58 . Then S satisfies
This finishes the construction of the formal approximate solution to Ž . 1.1 .
STABILITY ANALYSIS
Ž .
We now prove that there exists an exact solution to 1.1 in a neighbor-Ž . hood of our approximate solution S x, t , and, for sufficiently small, the Ž . Ž . asymptotic behavior of the solution to 1.1 is governed by S x, t .
Ž . Ž . Let S be an exact solution to 1.1 with initial data S x, 0 s S x, 0 . We decompose the solution as
It is easy to show that
x x we have˜
which implies Ž .
Ž . we simplify 3.4 into 
F s R y p¨ q y p¨ y p X¨ .
Ž . Ž .
R y R R y Ž . To study the existence and the asymptotic behavior of S x, t for Ž . small, it is sufficient to show that, for sufficiently small, 3.7 has a T smooth ''small'' solution up to s . This will be carried out by an Ž . Ž argument similar to the stability anlaysis for the shock profiles of 1.1 see w x w x. with the norm и , and и denotes the usual L -norm. We also use the l following notation for simplicity:
Ž . Let us define the solution space of 3.7 by Ž .
The main result in this section is the following a priori estimate.
Ž . Ž . THEOREM 3.1. Suppose H ᎐ H are satisfied. There exist positi¨e 1 3 constants , , ␦ , and K which are independent of and such that, if Ž . Ž .
Before making the energy estimate, we derive some properties of S .
Ž . Ž . LEMMA 3.2. Let S x, t be defined as in 2.56 . Then it holds that minŽ3 ␣ , 1.
Proof. This lemma can be shown by the construction of S . Similar w x w x Ž lemmas can be found in 1 and 10 . The proof is the same see Lemma 4.2 w x . in 10 , for instance and the details will be omitted. Now we proceed with the energy estimates. First, we establish the following basic energy estimate. 
Proof. By the Sobolev embedding theorem, we know that¨ q is y < X Ž .< Ž . bounded. Thus we can choose E s sup p¨q -E in view of H .
We consider the equality
.12 can be reduced into
Ž . 
Ž . and b such that
Ž . To estimate , we investigate the following relation:
